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1. Introduction to RDMFT
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The fundamental quantities

) Hohenberg-Kohn Theorem: Every observable is a functional of the electron
density.

) Gilbert's Theorem: Every observable is a functional of the one-body, reduced
density-matrix (1-RDM).

De�nitions:
The 1-RDM:


 (r ; r 0) = N
Z

� � �
Z

	 � (r ; x 2 ; � � � ; x N ) 	( r 0; x 2 ; � � � ; x N ) d3x 2 � � � d3x N

The density:

� (r ) = 
 (r ; r )

The naturals orbitals � a (r ) and the occupation numbers na :

Z

 (r ; r 0) � a (r 0) d3r 0 = na � a (r )

Electronic correlation in periodic systems using the reduced density matrix functional theory – p.5



The fundamental quantities

) Hohenberg-Kohn Theorem: Every observable is a functional of the electron
density.

) Gilbert's Theorem: Every observable is a functional of the one-body, reduced
density-matrix (1-RDM).

De�nitions:
The 1-RDM:


 (r ; r 0) = N
Z

� � �
Z

	 � (r ; x 2 ; � � � ; x N ) 	( r 0; x 2 ; � � � ; x N ) d3x 2 � � � d3x N

The density:

� (r ) = 
 (r ; r )

The naturals orbitals � a (r ) and the occupation numbers na :

Z

 (r ; r 0) � a (r 0) d3r 0 = na � a (r )

Electronic correlation in periodic systems using the reduced density matrix functional theory – p.5



Implicit density matrix functionals

� The functional of Buijse-Baerends, Goedecker-Umrigar a:

E = �
1
2

X

a

na

Z
� �

a (r )r 2
r � a (r ) d3x +

Z
V (r ) � (r ) d3r

+
1
2

X

a6= b

na nb

Z Z
� �

a (r ) � a (r )
1

jr � r 0j
� �

b (r 0) � b(r 0) d3r d3r 0

�
1
2

X

a6= b

p
na nb

Z Z
� sa sb � �

a (r ) � b(r )
1

jr � r 0j
� a (r 0) � �

b (r 0) d3r d3r 0

(Not invariant under unitary transformation of � 's)

� Constraints:
� P

a na = N , where N is the number of electrons.
� R

� �
a (r ) � b(r ) d3r = � ab , orthonormality constraint.

� 0 � na � 1, N -representability constraint, guarantees that 
 comes from a
many-body wavefunction.

a
M. A. Buijse, E. J. Baerends, Mol. Phys. 100, 401 (2002); S. Goedecker, C. J. Umrigar, Phys.

Rev. Lett. 81, 866 (1998).
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Functional Minimization

� Variation equations for the orbitals:

F ( a) � a =
P

b � ab � b

� ab = � ba

9
=

;

� F ( a) : analogous to the Fock matrix of Hartree Fock theory, but in this case
orbital dependent, i.e. different for each orbital � a .

� � ab : Lagrange multipliers of the orthogonality constraint (non-diagonal).

Similar problems:

- Self-Interaction Correction

- Restricted, Open-Shell Hartree-Fock

� Variation equations for the occupation numbers:

� E
� na

= �

� � : “chemical potential”, the Lagrange multiplier of the constraint that the
number of electrons is equal to N .
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Implementation for �nite systems

� Use of the GAMESS quantum chemistry code1 for the calculation of the one- and
two-electron integrals.

� A conjugate gradient scheme is employed for both the variations w.r.t. the
occupation numbers and the natural orbitals.

� Flexible constraints are implemented so the program decides which occupation
numbers vary.

� The number of natural orbitals is �x ed or increase slowly to achieve convergence.

� 30-40 natural orbitals are enough for convergence.

� The variation of the orbitals is performed by the repetition of the following steps2 :

1. along the direction of the functional derivative F ( a) � a ,

2. to ful�l the Hermiticity of the Lagrange multipliers,

3. to preserve orbital orthonornality.

1M.W.Schmidt, K.K.Baldridge, et al, J. Comput. Chem. 14, 1347-1363 (1993).
2A. Svane, Phys. Rev B53, 4275 (1996).
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Dissociation of H2 (without SI-terms)
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Fig. 1: Dissociation of H2 excluding the self-interaction terms from the functional by hand.
The two larger occupation numbers are also plotted.
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Fig. 2: Dissociation curve of H2 with the self-interaction terms included in the functional.
The two larger occupation numbers are also plotted.
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2. Spin degrees of freedom
in the RDMFT

N. N. Lathiotakis et al, cond-mat/0504435
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RDMFT Functionals for open shell systems

The fully unrestricted functional can be written as:

E =
X

a;�

n( � )
a h( � )

aa +
1
2

X

ab;� � 0

n( � )
a n( � 0)

b (1� � ab � � � 0)J � � 0

ab �
1
2

X

ab;�

q
n( � )

a n( � )
b (1� � ab )K �

ab

where

h( � )
aa =

Z
d3r � �

a� (r )
�

�
r 2

2
+ Vext (r )

�
� a� (r )

J � � 0

ab =
Z Z

d3r d3r 0� �
a� (r ) � a� (r ) � b� 0(r 0) � �

b� 0(r 0)

jr � r 0j

K �
ab =

Z Z
d3r d3r 0� �

a� (r ) � b� (r ) � a� (r 0) � �
b� (r 0)

jr � r 0j

The spin restricted functionals are obtained by dropping the spin dependence of the or-

bitals and (consequently) the haa , J � � 0

ab and K �
ab .
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The spin restricted functionals

� In the case of an open shell system:

E =
X

a

(n"
a + n#

a ) haa +
1

2

X

ab

h�
n"

a n"
b + n#

a n#
b

�
(1 � � ab ) +

�
n"

a n#
b + n#

a n"
b

� i
Jab

�
1
2

X

ab

�� q
n"

a n"
b +

q
n#

a n#
b

�
(1 � � ab )

�
K ab

In the limit of 0,1 occupations it reduces to the ROHF functional.

� In the case of a closed shell system (spin independent occupation numbers):

E = 2
X

a

na haa +
X

ab

na nb(2 � � ab )Jab +
X

ab

p
na nb(1 � � ab )K ab

In the limit of 0,1 occupations it reduces to the RHF functional.
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The constraints question

� Closed shell systems: a unique constraint w.r.t. the total number of electrons (N ):

X

a

na = N

� For Open shell systems (spin dependent occupation) we have two choices:

1. To use a single constraint (like in the closed shell case):
� Single Lagrange multiplier �
� Possibility of charge diffusion to the opposite spin channel
� Not �x ed total spin

2. Spin resolved constraint:

X

a

n"
a = N " ,

X

a

n#
a = N #

� Spin resolved Lagrange multipliers (� " , � # )
� No diffusion to the opposite spin channel
� Fixed total spin, number of electrons
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Li atom 2S state
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Fig. 3: The total energy of Li doublet state as a function of the number of natural orbitals.

CI and exact values1 aare shown for comparison.

a1J. A. Montgomery, et al, JCP 101, 5900 (1994); E. R. Davidson, et al, PRA 44, 7071 (1991).
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B atom Doublet
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Fig. 4: The total energy of Boron doublet state as a function of the number of natural

orbitals. CI and exact values1 aare shown for comparison.

a1J. A. Montgomery, et al, JCP 101, 5900 (1994); E. R. Davidson, et al, PRA 44, 7071 (1991).
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C atom triplet
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Fig. 5: The total energy of C triplet state as a function of the number of natural orbitals. CI

and exact values1 aare shown for comparison.

a1J. A. Montgomery, et al, JCP 101, 5900 (1994); E. R. Davidson, et al, PRA 44, 7071 (1991).
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Results for �rst row open-shell atoms

Atom RDMFT QCI Exact

� " = � # � # 6= � "

Li 7.4940 7.4827 7.4743 7.4781

B 24.6746 24.6616 24.6515 24.6539

C 37.8675 37.8506 37.8421 37.8450

N 54.6096 54.5965 54.5854 54.5893

O 75.0668 75.0671 75.0613 75.0670

F 99.6951 99.6952 99.727 99.734

�� 0.020 0.010 0.004 0.000

Table. 1: Absolute total energies for the �rst row open-shell atoms (in Hartree) with and

without enforcing the spin conservation constraint. The QCI1 and Exact2 values are also

listed. �� is the mean absolute deviation from the exact values.

1J. A. Montgomery, et al, JCP 101, 5900 (1994).
2E. R. Davidson, et al, PRA 44, 7071 (1991).
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3. RDMFT for periodic
systems
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Hartree Fock functional for periodic systems

E = 2
X

R a

h(1)
R a +

X

RR 0

X

ab

(2 � � ab � RR 0) J RR 0

ab �
X

RR 0

X

ab

(1 � � ab � RR 0) K RR 0

ab + Enuc

where

h(1)
R a =

Z
d3r  �

R a (r )
�

�
r 2

2
+ Vext (r )

�
 R a (r )

J RR 0

ab =
Z Z

d3r d3r 0 �
R a (r )  R 0b(r 0)  �

R 0b(r 0)  R a (r )

jr � r 0j

K RR 0

ab =
Z Z

d3r d3r 0 �
R a (r )  R 0b(r )  �

R 0b(r 0)  R a (r 0)

jr � r 0j

� Due to periodicity h(1) (r + R ) = h(1) (r ).

� If we assume localized orbitals, then  R a = � a (r � R ).
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The Hartree-Fock-Wannier functional

(E =N ) = 2
X

a

h(1)
0a +

X

ab

J ab �
X

ab

K ab + Enuc

with

h(1)
0a =

h
h(1)

R a

i

R =0

J ab =
X

R

(2 � � ab � R0 )
Z Z

d3r d3r 0� �
a (r � R ) � b(r 0) � �

b (r 0) � a (r � R )

jr � r 0j

K ab =
X

R

(1 � � ab � R0 )
Z Z

d3r d3r 0� �
a (r � R ) � b(r ) � �

b (r 0 + R ) � a (r 0)

jr � r 0j

Enuc =
X

j R

X

i

Z j Z i

jR + r j � r i j
(nuclear-nuclear repulsion)

� K ab is the only convergent lattice sum.

� The total energy is also convergent.
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Minimization of the Hartree-Fock-Wannier functional

� � 's should extend over a �nite number of unit cells.

� We introduce penalty factor, proportional to the projection of � 's outside a local
environment (3-5 unit cells).

� We obtain variational equations yielding directly the Wannier states.

Question:
Is the Bloch states minimum the same as the Wannier states minimum?

� E is invariant under a unitary transformation like the Wannier transformation of the
Bloch states  k a :

 R a (r ) =
X

k

exp[i k (r � R )]  k a (r )

Full band transformation: does not change the energy for non-metallic systems.
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The RDMFT-Wannier functional

Fractional occupations of Wannier orbitals:

(E =N ) = 2
X

a

na h(1)
0a +

X

ab

na nb J ab �
X

ab

p
na nb K ab + Enuc

� It is a different functional than that over the Bloch states.

� Occupation numbers do not depend on k.

? The question of the truncation of the Lattice summation:
� h(1)

0a , J ab , Enuc are divergent lattice sums.

Implementation/Application:

� Implementation based on the Hartree-Fock WANNIER code1

� Application to LiH 1-D chain using a 11-basis-functions, Gaussian basis-set2

1WANNIER computer program, M. Albrecht, A. Shukla, M. Dolg, H. Stoll, P. Fulde, Max-Plank-Institut

für Physik Komplexer Systeme, Dresden.
2R. Dovesi, C. Ermondi, E. Ferrero, C. Pisani, C. Roetti, Phys. Rev. B29, 3591 (1984).
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The effect of the truncation of the Lattice summation:
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Fig. 7: Correlation Energy, occ. numbers and one-electron energy as functions of the
number of unit cells (on each side of the central cell) involved in the Lattice summation.
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Results:

A) The LiH molecule

Functional Total Energy [H] Correl. Energy [mH]

RHF -7.96699 -

RDMFT (10 nat orbitals) -8.01400 47

CI1 -8.00939 42

B) The LiH in�nite chain

Wannier RHF2 -8.03806 -

Wannier RDMFT (6 nat. orb.) -8.06530 27

Wannier RDMFT (9 nat. orb.) -8.07579 38

Wannier RDMFT (10 nat. orb.) -8.08213 44

Table 2: Total and correlation energies for LiH molecule and LiH chain using the same

Gaussian basis set.

1For the same basis set as the chain. Using a better basis set (cc-PVQZ) we get for the correlation

energy: 79 mH with CI and 84 mH with RDMFT, 40 nat orbs.
2A. Abdurahman, A. Shukla, M. Dolg, J. Chem. Phys. 112, 4801 (2000).
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Comparison with other methods

Functional Total Energy [H] Correl. Energy [mH]

Wannier RDMFT (10 nat. orb.) -8.08213 44

Wannier RHF -8.03806 -

Bloch RHF1 -8.03803 -

Perturbation Theory2 -8.06874 31

GGA (PBE) -8.09456 56

GGA (PW91) -8.11031 72

B3LYP -8.12341 85

Table 3: All the above results are taken with the same basis seta. DFT results are obtained

with CRYSTAL computer code3

1R. Dovesi, C. Ermondi, E. Ferrero, C. Pisani, C. Roetti, Phys. Rev. B29, 3591 (1984).
2A. Abdurahman, A. Shukla, M. Dolg, J. Chem. Phys. 112, 4801 (2000).
3CRYSTAL computer code: http://www.crystal.unito.it
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4. The Gap in RDMFT

(N. Helbig et al, cond-mat/0504436)
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The role of the chemical potential � :

The variational equation with respect to 1-RDM:

H �
� E

� 
 (r ; r 0)
= � � (r � r 0)

� If 
 (r ; r 0) is such that the functional (E-constraints) has a real minimum consistent
with the constraints, then the Hamiltonian operator H has only one degenerate
eigenvalue � .

� If the functional is monotonic as a function of all the n's and has “border minima”
due to the N -representability constraint, then H has eigenvalues not related to � .

� In the hybrid case that some occupation numbers are pinned to 1 and the rest are
fractional, H has degenerate eigenvalue and equal to � in the subspace
corresponding to the fractional occupation numbers.
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Fundamental Band Gap in RDMFT

Similarly to DFT1 :

� The fundamental Gap is de�ned as � = I � A , where I = E (N � 1) � E (N ) is
the ionization potential and A = E (N ) � E (N + 1) the electron af�nity .

� It is easy to prove that

� (N ) =
@EN

@N

� The behavior of the exact functional:

) � = � (N + � ) � � (N � � )

1R. M. Dreizler, E. K. U. Gross, Density functional theory, Springer-Verlag, Berlin, (1990).
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The hardness of He atom
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Fig. 8: The discontinuity of � (N ) at N = 2 electrons for He atom.

The value of Hardness
(x2) calculated with CI is shown for comparison.
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The hardness of H2
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Fig. 8: The discontinuity of � (N ) at N = 2 electrons for H2.

The value of Hardness
calculated with CI is shown for comparison.
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The hardness of LiH molecule
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Fig. 9: The discontinuity of � (N ) at N = 4 electrons for LiH. The value of Hardness
calculated with SDCI is shown for comparison.
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The Gap of LiH chain
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Fig. 10: � (N ) in the neighborhood of N = 4 electrons per unit cell for LiH in�nite chain.

Electronic correlation in periodic systems using the reduced density matrix functional theory – p.33



The Gap of LiH chain

3.4 3.6 3.8 4 4.2 4.4
N

-2.0

-1.0

0.0

1.0

2.0

m
[H

]

P
B

E

B3LYP
H

F

Fig. 10: � (N ) in the neighborhood of N = 4 electrons per unit cell for LiH in�nite chain.

Electronic correlation in periodic systems using the reduced density matrix functional theory – p.33



The Gap of LiH chain

3.4 3.6 3.8 4 4.2 4.4
N

-2.0

-1.0

0.0

1.0

2.0

m
[H

]

P
B

E

B3LYP
H

F
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The gap calculated with HF and DFT is also shown.
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Results for the gap

System This work Other theoretical Experiment

Li atom 0.177 0.1751 0.1752

Na atom 0.175 0.1693 0.1692

LiH molecule 0.296 0.2864 0.2715

LiH chain 0.64 0.5006, 0.5097

1QCI from Montgomery et al, J. Chem. Phys. 101, 5900 (1994)
2from Ref. A. A. Radzig, B. M. Smirnov, Reference Data on Atoms and Molecules,
(Springer-Verlag, Berlin 1985).
3 Ionization potential from Montgomery et al, J. Chem. Phys. 101, 5900 (1994),
electron af�nity from De Groote ey al, J. Chem. Phys. 120, 2767 (2004)
4CISD using the same basis set with RDMFT
5Ionization potential from Ihle et al, J. Chem. Phys. 63, 1605 (1975) , electron
af�nity from Sharp et al, J. Chem. Phys. 113, 6122 (2000)
6LDA, with CRYSTAL code and the same basis set
7GGA, with CRYSTAL code and the same basis set

Table 4: The fundamental gap (in Hartree) of Li atom, Na atom, LiH molecule and LiH

periodic chain compared to experimental values or other calculations.

Electronic correlation in periodic systems using the reduced density matrix functional theory – p.34



Conclusion

� We applied RDMFT theory in a variety of systems. It gives a good
approximation of the electron correlation energy.

� For open shell systems: The spin resolved variation of occupation
numbers with spin dependent constraints is the method of choice.

� For periodic systems with a gap, the Wannier RDMFT description
appears to be very promising.

� Like in DFT, the discontinuity of the chemical potential is a good
measure of the fundamental gap.
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